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Abstract 

Motivated by the role of scale invariance in condensed matter physics and recent ap¬ 
plications of non-relativistic field theories on curved backgrounds, we derive the general 
curved background minimally coupled to the fields invariant under both Galilean and 
scale transformations. Through the identification of fields introduced while localizing the 
space-time symmetries of a non-relativistic field theoretic model, we derive the scale in¬ 
variant extension of the Newton-Cartan geometry, which we have called the Weyl-rescaled 
Newton-Cartan background. Inspired by the application of Weyl invariant backgrounds 
in the description of relativistic conformal fluids, we first formulate the framework for 
describing non-relativistic conformal fluids on the Weyl-rescaled Newton-Cartan back¬ 
ground. The specific case of an incompressible ideal fluid in its rest frame on this back¬ 
ground is considered, and key differences with known relativistic results are commented 
on. We then consider the implications of our results in the low energy description of 
Quantum Hall fluids. Specifically, we find that the gauge fields for scale transformations 
lead to corrections in the Wen-Zee and Berry phase terms of the low energy effective 
action of Hall fluids. 
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1 Introduction 

The coupling of non-relativistic field theories to curved backgrounds was initially investigated 
with the motivation of establishing a covariant framework. In recent years, such minimally 
coupled theories have gained a renewed importance due to its major applications in the field 
of condensed matter physics, such as in the descriptions of the fractional quantum Hall ef¬ 
fect, trapped electron gas, and various transport phenomena, to name a few P [21 m H El E]. 
Non-relativistic diffeomorphism has certain distinct features in contrast to the usual relativistic 
diffeomorphism invariance which is so fundamental in understanding the metric formulation 
of Einstein gravity. For Einstein gravity, the vielbein formulation is related directly with the 
metric formulation because the spacetime manifold is endowed with a nondegenerate metric. 
Unlike this in the non-relativistic context due to the absolute nature of time, the spacetime 
manifold possesses two degenerate metrics, a contravariant spatial metric and a covariant tem¬ 
poral metric, orthogonal to one another. In this context it is useful to recall that, a covariant 
geometrical formulation of Newtonian gravity was hrst constructed by Elie Cartan [7] and is 
well known as Newton-Cartan geometry in the literature. This formulation helps in appreci¬ 
ating Newtonian gravity as a non-relativistic limit of general relativity. However, the current 
requirement is a formulation based on the vielbeins which will be an analog of the Cartan 
formulation of Einsteins gravity. One may think that a suitable algorithm may be obtained 
from relativistic theories by contraction. However, the requirement of spatial diffeomorphism 
in FQHE or any planar system is difficult to obtain by taking a non-relativistic limit of some 
appropriate relativistic theory. Moreover, sometimes such non - relativistic limits have been 
found to be problematic [Ij. 

A way out follows from the well known procedure for directly deriving relativistic matter 
theories minimally coupled to curved backgrounds, namely through the localization of spacetime 
symmetries in the flat spacetime held theory [8]. One starts with a matter theory invariant under 
global Poincare transformations which does not remain invariant when the parameters of the 
Poincare transformations become functions of spacetime. To modify the matter theory so that it 
becomes invariant under the local Poincare transformations, compensating helds are introduced 
in the process by dehning covariant derivatives [9]. A very important aspect of this approach 
is the correspondence of these new helds with the vierbeins and spin-connection in Riemann- 
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Cartan spacetime. Following the spirit of this procedure, a general prescription to attain non- 
relativistic diffeomorphism invariance was proposed in our previous work mm, wherein the 
localization of the Galilean symmetry for field theories was carried out. The Newton-Cartan 
spacetime was found to be the most general Galilean invariant curved background through 
this procedure [12]. The present work seeks to extend this formalism to further include scale 
transformations. 

We will now briefly consider the main approaches which have been used in the derivation of 
minimal coupling to, and the geometry of, curved non-relativistic backgrounds. This will serve 
to place our work in a clear context with respect to these approaches. The minimal gravitational 
coupling of the Newtonian theory had been initially considered in [121 El, whose results have 
been cast in a more unihed approach recently in [6]. It gained renewed attention in [1] where 
the minimal coupling of non-relativistic particles (electrons) to the external gauge held and 
the metric were determined by using principles of effective held theory. The invariance of the 
derived action under time dependent diheomorphisms had been restored by demanding non- 
canonical transformations of the spatial external gauge helds, which leads to problems when 
considering the hat space limit OEE]. In this limit, the hat space Galilean transformations 
are restored through a specihc assumption, involving a particular relation between the gauge 
parameter and the boost parameter. In contrast, the hat limit can easily be obtained in our 
held theoretic approach [TO] . 

Other approaches have been put forward to determine the nature of curved non-relativistic 
backgrounds directly from the consideration of non-relativistic symmetries. One of these in¬ 
volves the derivation of the background geometry with appropriate metric and curvature ten¬ 
sors, by gauging the centrally extended Galilean algebra (Bargmann algebra) [E]. The con¬ 
formal extension of this procedure has been carried out in mi. However, it should be stressed 
that this is a strictly algebraic approach without reference to any dynamical content of the 
underlying theory. In addition, the approach necessarily requires the imposition of curvature 
constraints in order to derive the connection, which formally results in a torsionless theory. 
Torsion is eventually accounted for in mi by dehning it as the antisymmetric piece of a metric 
compatible and boost invariant connection, with the further definition of the dilatation gauge 
field in terms of temporal one-form and its generalized inverse. This torsion tensor has im¬ 
portant applications in the field of non-relativistic holography [T8l fl^ . Yet another approach, 
which is very closely related to the gauging approach mentioned above is the coset construction 
[201 1^ . Given a particular symmetry group, and through a prudent choice of a subgroup 
within it, a coset can be defined which determines the background geometry invariant under 
the symmetry group. The main feature of this approach is that different choices of the sub¬ 
group can lead to several possible realizations of non-relativistic curved backgrounds [20] . The 
general spacetime connection follows directly from the construction of the Maurer-Gartan form 
within the coset formalism. 

Gentral to the success of these approaches, as well as our own, are the presence of vielbeins. 
The coset construction in being used for any non-local symmetry group necessarily involves 
the use of vielbeins. The same holds true for gauging the algebra directly as in mi. and 
the localization of symmetries in our previous work [El eg. Through their involvement, the 
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end result is guaranteed to be manifestly covariant and independent of any specific choice of 
coordinates. In the context of the coset construction, this statement corresponds to a gauge 
fixing choice of the parameters [20]. Thus, in dealing with the generators of Galilean and 
scale transformations in accordance with our procedure, the involvement of vielbeins in the 
resultant action defined on the curved background is manifestly covariant, and invariant under 
local Galilean and scale transformations. Localizing the symmetries via the procedure in this 
paper has two specific advantages. The first is that it determines the minimal coupling of non- 
relativistic field theories to the corresponding curved background by its direct involvement from 
the onset. The second feature is that it reveals that the vielbeins and the relations between 
them, as well as the form of the connection, are as much a result of the generators being 
considered as they are of the dependence on the coordinates used at the time of localization. 
In particular, bearing the non-relativistic nature of absolute time, the parameters of temporal 
transformations depend only on time, and not space. This in turn affects which vielbeins do 
result from the procedure, and serves to elucidate the relation between the vielbeins and the 
localization of the parameters one begins with. 

The main motivation of this paper is to include the anisotropic scale transformation in the 
localization procedure.Prior to this work, certain non-relativistic conformal backgrounds have 
been considered and constructed in [2lll22l[n]. However, the special case of scale invariant 
fields minimally coupled to curved backgrounds appears to have attracted limited attention 
despite its known significance in flat space effective field theory descriptions of the fractional 
quantum hall effect [23] and the Aharanov Bohm effect [23]. In general. Hall fluids are incom¬ 
pressible in nature [25l |26] and a well known fact is that incompressible non-relativistic fluids 
are invariant under scale transformations only, and not under the special conformal transforma¬ 
tion [27] . Thus, while scale invariance is a symmetry of all conformal fluids, the full conformal 
group need not be. Scaling also plays an important role in determining temperature depen¬ 
dence of transport coefficients in the hydrodynamic description of condensed matter systems 
with ordinary critical points [28]. Motivated by these observations the present work is being 
undertaken with the goal of investigating scale invariant non-relativistic field theories on curved 
backgrounds. 

In the relativistic context, the localization of the scale and Poincare transformations re¬ 
sults in the identification of the Weyl-Gartan geometry [9]. This geometry is characterized by 
a rescaled Riemann-Gartan metric, and a connection which includes the scale factors. While 
the Riemann tensor is not invariant under scale transformations of the metric, a scale invari¬ 
ant Weyl tensor can be constructed out of the Riemann and Ricci tensors. In light of these 
known relativistic results, the inclusion of scale symmetry in the localization procedure for 
non-relativistic field theories should give the Weyl extension of Newton-Gartan geometry. The 
Weyl rescaled Newton-Gartan geometry is thus expected to apply to both metrics individually, 
while respecting the properties of the Newton-Gartan structure described earlier. In this paper, 
this has been explicitly demonstrated to be the case. 

We also have in mind the application of our formalism in the description of non-relativistic 
conformal fluids on curved backgrounds. In this context, we note that the fluid gravity cor¬ 
respondence, for non-relativistic fluids, has been considered in [22] using the well-known light 
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cone reduction formalism. Non-relativistic fluids on the Newton-Cartan background have been 
discussed in HSlEniEI]. However, our interest in scale invariance regarding fluids stems from 
its known signihcance in the relativistic case. In the case of relativistic conformal fluids, the 
scale factor acquires an expression in terms of expansion and acceleration. The covariant ex¬ 
pression for the entropy current can be derived for these fluids on curved backgrounds |32j . 
The thermodynamic description of these fluids, in effect, is related to the scale factor on curved 
backgrounds. Inspired by these results and the aforementioned relevance of scale in the hydro- 
dynamic descriptions of systems near criticality, we expect that understanding scale invariance 
in non-relativistic conformal fluids on curved backgrounds might serve a broader context. 

We will also consider the implications of scale invariance of the incompressible Hall fluid. 
For the incompressible fractional quantum Hall (FQH) states of two-dimensional electron fluids 
in external magnetic helds, the quantized Hall conductivity is the most fundamental transverse 
response. The charge current flows perpendicular to the direction of an external electric field, 
and the transport is dissipationless [53]. While the Hall conductivity is a key topological 
property, independent of the microscopic details of the system, it does not specify the Hall 
fluid completely. A full characterization of the FQH fluid also requires the intrinsic orbital 
spin and the corresponding Hall viscosity. These quantities generate from the coupling of the 
Hall fluid to a curved background. The Hall viscosity is the response of the Hall fluid to an 
external shear deformation of the background surface, under which the Hall fluid develops a 
momentum density perpendicular to it. As a result, the net energy for the deformation vanishes 
resulting in a non-dissipative viscosity. At the level of the effective hydrodynamic theory, this 
coupling of the hydrodynamic gauge helds of the huid to the spin connection is represented by 
the Wen-Zee term whose coefficient involves the orbital spin [31], while the usual contribution 
to the Hall viscosity arises from the Berry phase term, which contains the density and the 
temporal piece of the spin connection [33]. In considering scale transformations, we hud the 
scale analogs of the Wen Zee and Berry phase terms, which involve the gauge held for scale 
transformations in place of the spin connection. While the Berry phase and Wen Zee terms 
provide a hall viscosity due to the antisymmetric nature of the spin connection, the gauge held 
for scale transformations does not possess this feature. As such, the corrections correspond to 
a diherent response function altogether, whose aspects are further discussed in the paper. 

This paper is organized as follows. In section 2 and 3, the basic properties of the non- 
relativistic symmetries and the Newton-Cartan geometry are stated. In section 4, the localiza¬ 
tion of the Galilean and scale symmetry is described. In the following section, as an application 
of this localization procedure, non-relativistic spatial diheomorphism invariance on a general 
curved background has been achieved. In section 6, Weyl rescaled Newton-Cartan geome¬ 
try (with or without torsion) is constructed from the geometrical identihcation of the helds 
introduced during localization. Finally we develop the hrst order non-relativistic conformal 
incompressible huid dynamics in our approach, beginning with a manifestly Weyl covariant 
formalism in section 7. In section 8, we discuss the contributions of scale symmetry to the 
quantum Hall huid. Some useful mathematical calculations are given in appendices. 
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2 Non-relativistic gravitational background : Newton- 
Cartan geometry 

The Newton-Cartan background is Cartan’s spacetime formulation of the classical Newtonian 
theory of gravity. It is a non-relativistic manifold which contains a degenerate inverse spatial 
metric and a degenerate temporal 1-form satisfying the following relations, 

= 0 = 0 

= 0 ( 2 . 1 ) 

Given that and are degenerate, their inverses do not exist. Formally, we can define a 
generalized inverse for the temporal 1-form, r^, such that 

= 1 ( 2 - 2 ) 

There exists a class of which satisfy the above relation, with respect to which we can further 
dehne a spatial metric, that satisfies the following relations 

= 0 

= + (2.3) 

= Pj^ is the projection operator of the Newton-Cartan background. There exists a 
covariant derivative which is metric compatible with both the metrics. A direct consequence of 
this is that the resultant connection is not uniquely determined by these metrics alone. This 
allows the Newton-Cartan background to geometrically capture the presence of external forces 
[lO] . With all these considerations, a linear symmetric connection which satisfies the metricity 
conditions given in Eq. fl2.ip has a general form given by 

= + V"A'a,„t„| (2.4) 

in Eq. fl2.4p represents the inertial part of the connection, while the full connection 
contains additional non-inertial forces through the term [14]. Given this connection, one 
can construct the Riemann tensor in the usual way 

= (2.5) 

For a symmetric Newton-Cartan connection, the following relations hold 

= ( 2 . 6 ) 

The theory considered thus far is completely general. If in addition the Galilean connection 
has to possess the correct Newtonian limit of the connection of a Riemannian manifold, then 
the following additional condition known as Trautman’s condition is required 

= R^u\ (2.7) 
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This condition is equivalent to the condition that dK = 0 which implies that 


Kxim = 2(9[a^/,] 


( 2 . 8 ) 


where is an arbitary 1-form. 

Using fl2.6p . fl2.8p the Ricci tensor satishes the following equation, 

= 4:7rpTf,Tu (2.9) 

which is of course, the correct Newtonian limit of Einstein’s equations, ‘p’ is the mass density 
which occurs in Poisson’s equation. From fl2.3p we can obtain the variation of as, 

= -2/ip(^r^)5r^ (2.10) 

In a similar manner the covariant derivative on h^i, will act in the following way, 

= -2/ip(^r^)V^r'’ (2.11) 

3 Localization of the Galilean and the scale symmetry 

One important motivation of this paper is to couple non-relativistic field theories, which are 

invariant under Galilean and anisotropic scale transformations, to curved backgrounds. This 

can be achieved through the localization of the non-relativistic symmetries. The localization of 
the Galilean symmetry for a non-relativistic held theoretic model was discussed in detail in [TUI 
ITU] . This procedure will be extended in this section to in addition include scale transformations. 

The procedure applies to any action invariant under the (global) Galilean fl3.2p and scale 
transformations fl3.4p in hat space. 

S'= y dtd^xC {(f),dt(l),dk(f)) (3.1) 

where the index ‘P and ‘fc = 1,2,3’ denote time and spatial coordinates respectively. In 
covariant notation these can be represented collectively by p. 

In non-relativistic systems the Galilean symmetry implies invariance under the Galilean 
transformation. Due to the absolute nature of Newtonian time, space and time has to be treated 
separately. The Galilean transformation on time is a translation, and on spatial coordinates is 
a composition of spatial translation, rotation and boost. Explicitly 

^x^ + d+ JjX^ - vH = x^ + r]^ - vH (3.2) 

where r/* = e* + uj^jx\ and is antisymmetric. The parameters e, e*, and n* correspond to 
time translation, space translation, spatial rotation and boost respectively. For global trans¬ 
formations, these parameters are constant. 
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In non-relativistic systems, time gets rescaled ‘z’ times as compared to the space coordinates 
J37] . where ‘z’ is called the dynamical critical exponent. This is well known as ‘Lifshitz scaling’ 
and this scaling plays an important role in strongly coupled systems, which have been inves¬ 
tigated holographically and also found to be relevant in the description of strange metals [38]. 
The expression of the scale transformations in time and space coordinates, are given by. 


t' = 




(3,3) 


where ‘s’ is the parameter of the scale transformation. The infinitesimal transformation takes 
the following form, 

X* ^ X* -f sx*, t ^ t + zst (3.4) 

Under any general coordinate transformation x^ —)■ x^ -f the action fl3.ip changes by 


AS = / dtd?x AC = / dtd?x [5oC + 


(3.5) 


Here ho is the form variation given by ho0 = (r, ^) (r^ t)- For invariance we require that AC 

will either vanish or be a total derivative. When AC vanishes, corresponds to a symmetry 
generator of the Lagrangian. 

To elaborate on the steps of this procedure, we will consider the complex Schrodinger held 
theory as a specihc example, whose action is given by 


S = dt mx 




(3.6) 


This theory is invariant under Galilean transformations and Eq. fl3.4p . when z = 2. Under the 
scale transformation in (3 4- l)d, (j) must vary as 


0'(x') = e 2 * 0 ( 3 ;) 


to retain the scale invariance of the theory. 

The hrst step of the procedure involves determining the conditions under which the action 
fl3.6p is invariant under the Galilean and scale transformations. From Eq. fl3.2p and fl3.4p the 
inhnitesimal coordinate transformation can be written as, 

t ^ t — e + 2st, X* —)■ X* -|- 77 * — vH -|- sx* (3.7) 

Eq. fl3.7p can be formally written as, 

x^ ^ x^ -I- (3.8) 

^Another non-relativistic conformal extension known in the literature is that of the Galilean Conformal 
algebra [39]. The generator for non-relativistic scaling in GCA is, 

D = + tdt) 


In GCA, space and time scale uniformly like the relativistic case and the number of generators are the same as 
those of the relativistic conformal group. 












where = —e + 2st, = 77 * — vH + sx\ Note that can not be treated as independent 
diffeomorphisms at this stage. The eqnation fl3.8p is just a shorthand way of writing the trans¬ 
formations we will be interested in. In particular, the choice of transformation parameters in 
fl3.7p correspond to those of the generators of Galilean and scale transformations. Through¬ 
out the section we will be considering these generators specifically, which is necessary for the 
localization procedure. 

While = 0 for the global Galilean transformations, it is not so for global scale trans¬ 
formations. From Eq. fl3.7p . we see that = 5s. Thus, 

AC = 5oC + i^d^C + = 0 

provided the held and its derivatives vary in the following manner, 

= -^^dt(f) - Cdi(j) - imv'-Xicj) - 

5odk(p = -^^dt{dk(j)) - Cdi{dk(j)) - imv"-dk{xi4>) + Uk^dmcj) - ^sdk(t) - sdkcp 

dodt(j) = - Cdi{dt(j)) - imv^Xidtcj) + - ^sdicf) - 2sdt(j) (3.9) 

The Hmv'^Xi term is important in Eq. fl3.9p to retain the invariance of the Schrodinger action 
under the spatial boost [10]. In this paper, the generators of Galilean transformations are 
taken to be those of the centrally extended Galilean group, and mass is treated as a parameter 
throughout. 

At this stage, the action fl3.6p is invariant under global transformations. When we localize 
Eq. fl3.7p . the transformation parameters ‘e, e*, n*’ and ‘s’ are functions of space and time. 

Keeping in mind the nature of non-relativistic spacetime, i.e. absolute time and relative space, 
the time transformations may be generalised as some function of time whereas spatial transfor¬ 
mations are functions of both time and space. Hence, the most general local transformations 
are given by, 

t ^ t — e{t) - 1 - x^ ^ x^ + C{x, t) + u^j{x, t)x^ — n*(x, t)t - 1 - s{x, t)x^ (3.10) 

Note that at the time of local scale transformation, the magnitude of the time rescaling pa¬ 
rameter always has to be twice the magnitude of the space rescaling parameter to keep the 
Schrodinger action invariant. The action which was invariant under global transformations is 
clearly no longer invariant under the local ones. This follows not only from 7 ^ 0 , but also 
from the derivatives of cj) not varying covariantly as in fl3.9p . To retain the invariance, the next 
step involves the introduction of additional helds which are defined through ‘gauge covariant 
derivatives’ [10]. We take the covariant derivatives as, 

Dkcj) = dk(p + iBk(t) + iCk(j) 

Dt(f) = dt(t) + iBtc!) + iCt(j) (3.11) 

The ‘B’ fields were introduced in earlier work [10] to incorporate the change due to localization 
of the Galilean transformation. Similarly ‘G’ fields are introduced in fl3.11l) to account for scale 
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transformations. The explicit structnre of gauge fields ‘5’ and ‘C’ are as follows, 

TD TDab \ I TyaO \ 

— -Dfc Aaf, + Aa 
r? TDab \ I TDoO \ 

Bt — B^ Aah + B^ Aa 

= Dh^ (3.12) 

where \ab and Aa are respectively the generators of rotations and Galilean boosts, and ‘D’ is 
the dilatation generator. The expression for the generator of the Galileo boost is given by 
Aa = mxa- Since the helds being dealt with are scalars, it follows that and 5“^ could be 
ignored safely in what follows. However an important exception occurs in two space dimensions 
where the rotation generator is a scalar. This is crucial in the study of the coupling of a scalar 

field with the spin connection in the study of FQHE as we will see. 

It can be noted that these definitions are insufficient, as DkCp and Dtcf) do not vary as in 
fl3.9p . In order to remedy this, we proceed in the following way. First, local spatial coordinates 
‘x“’ (a =1, 2, 3) are introduced, which will also help in providing a geometrical framework to 
the local Galilean and scale transformations. We can then define the covariant derivatives with 
respect to these local coordinates in the following way 

ba^ = T.a^Duct> (3.13) 


where the E’s are additional helds introduced in order to dehne the new covariant derivatives. 
Note that, the local time will be same as the global one due to the absolute nature of Newtonian 
time. It can now be demonstrated that the derivatives dehned in Eq. fl3.13l) do transform 
covariantly as in fl3.9p . For Dafj) we have the following variation. 


5oDa(t) = -^^dt{Da(j)) - CdiiDaCj)) - imv"Xi{Da(j)) - ubaDbcf) - imVa(j) 


3s + A 


Da 


(3.14) 


provided the helds Bk, Ck and Sa^ vary according to 

d^Bk = (e - \t)Bk - {rf - tv" + sx") diBk - dk {rf - tv" + sx*) Bi + mdkv"xi + m{vk- Ak°'Va) 
= -^>"df,Bk - dki^B^ + mdkv"xi + m{vk - Ak'^Va) 

SoCk = (e - >^t)dtCk - {r]" - v"t + sx")diCk - dk{r]" - v"t + sx")Ci + ^dkS 
= -i^dfaCk - dk^^Cfa + ]^dks 

= (e - - [r]" - v"t + sx")di'La^ + 5,(77"^ - vH)T.a" + d^sx'^T.a" - u:\'Lb 

= -eO^Ea’^ + - sEa'^ - 

Likewise, the variation of the temporal covariant derivative, Do(f), satishes 

6qDq4i ^ ^^dt{Dt34) - Cbi{Do<p) - imv^Xi{Do<p) + v^Dt,<p - (~^“) 


(3.15) 

(3.16) 
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provided the variations of Bt,Ct, So° and satisfy, 

5oBt = (e — Xt)I3t — {rf — vH + sx^)diBt — dt{—e + \t)Bt — dtijf — vH + sx'‘)Bi 
+ m^^kk^Va + mv^Xi 

= - dt^B^ + m^'^Ak‘^Va + mv^Xi 

^oCt = (e - \t)dtCt - [rj- - vH + sx")diCt + dt{e - \t)Ct - dt{r]" - vH + sx'')Ci + ^dt{s + A) 

= -edf.Ct-dtC^C^ + ^dt{s + X) 
hoSo° = (e - Af)aiSo° - W - vH + sa;*)a,So° - + tdAY^^ 

= -ed^Yo^ + dte^o'" 

AqSo^ = (e - Xt)dtYo’^ - {rf - vH + sx^)d,Yo^ + dt{v'" - vH + sx^)So° + di{r]^ - vh)Yo^ 

+ diSx'^YQ^ + {s- X)Yo'^ + vV 

= - ASo" + (3.17) 

The inverse of the ‘S’ helds are dehned as, 

S„^A,“ = h^;, S„^A/ = hf (3.18) 

We can now replace the partial derivatives in the action (13. ip with these local covariant deriva¬ 
tives to give, 

C (^, dt(j), dk(j)) C' (^0, Do(j), Da(j)J 

However, this ‘£'’ is not invariant nnder the local Galilean and scale transformations as it does 
not obey 

AC' = 6oC' + edf,C' + = 0. (3.19) 

We remember that the factor arises from the Jacobian of the coordinate transformations. 
The invariance of the action thus requires that the change in the measure should also be 
accounted for. Therefore, the Lagrangian needs to be modified to 

C = AC' (3.20) 

To retain the invariance of the action, ‘A’ has to satisfy, 

JoA + C^d^A = 0 (3.21) 

The appropriate form of ‘A’ is found to be, 

A = ^detAk'' = defA^“ (3.22) 

which is the Jacobian for the Galilean and scale transformations. 

The localization procedure is thus completed by replacing the partial derivatives with the 
local covariant derivatives, and in addition considering the change in the measure for the action 
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fl3.6p . The whole procedure has led to the derivation of the following action, which is invariant 
under local Galilean and scale transformations 




dtd^xAC (^(f), Da(j)^ 


(3.23) 


For the Schrodinger action fl3.6p . the localized form is given by 


S 


dt 





2 m 


"D 

n 


(3.24) 


This action fl3.24p is invariant nnder both the Galilean and scale transformations. We also 
note that nnlike in relativistic theories, the mass is not the coefficient of the linear term in 
the potential here, bnt enters as a passive parameter in the kinetic term since non-relativistic 
theories hold in the regime where the energies being dealt with are far less than the (rest) mass. 
As snch, massive scale invariant non-relativistic theories can, and do exist. The significance of 
the localizing procedure lies in its ability to describe the most general geometrical framework 
consistent with the symmetries. This aspect is the focns of the next section. 


4 Non-relativistic spatial diffeomorphism invariance 

Localizing the Galilean symmetry provides non-relativistic spatial diffeomorphism invariance. 
At this stage it is worth checking whether the additional localization of the scale transformation 
for a non-relativistic held theoretic model preserves NRDI or not. To demonstrate that fl3.24|) 
corresponds to a matter held conpled to a cnrved background, we need the spatial metric to be 
manifest in the action. It is instrnctive to recall a property of diherential manifolds eqnipped 
with a metric, namely that the determinant of the metric tensor is eqnivalent to the sqnare 
of the Jacobian. This property is rehected in the invariant measnre in the relativistic context, 
which is given by \/\^\dAx, where | 5 '| is the (positive) determinant of the metric. In fl3.24p the 
invariant measnre is given by fl3.22p . which snggests that the ‘S’ and ‘A’ helds are related with 
the metric being songht, if fl3.24p is to be a description of the held theory on a cnrved back- 
gronnd. In the following snbsections, it will be demonstrated that this is indeed the case. The 
additional helds introdnced at the time of the localization procednre can be geometrically real¬ 
ized as observables of the ‘Weyl rescaled Newton-Gartan’ geometry (with or withont torsion), 
whose specihc combinations lend themselves to the description of geometric objects satisfying 
all the transformation properties of a metric. In [12] , the backgronnd was seen to be that of the 
Newton-Gartan geometry, thereby establishing that this is the most general curved background 
consistent with spatial non-relativistic symmetries, exclnding scale transformations. The fol¬ 
lowing snbsections will systematically establish that the resnltant backgronnd for fl3.24p is the 
‘Weyl rescaled Newton-Gartan’ geometry, which apart from having the non-degenerate metrics 
of the Newton-Gartan backgronnd, is invariant nnder Weyl transformations. 

Non-relativistic spatial diffeomorphism invariance can be derived from fl3.24p by reqniring 
that the change in time coordinate vanishes. This can be achieved by either assnming the 
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magnitude of e and A be zero, or by letting e = Xt. The former assumption will be implemented, 
as the latter implies a connection between time translation and scaling parameter which is not 
desirable. Following this assumption, the local Galilean plus scale transformation is modihed 
to, 

x* —> x* + r]\x, t) — v\x, t)t + s{x, t)x^ (4.1) 

From the hrst of the set of transformations fl3.17p it is evident that when e and A are vanishing, 
= constant. For simplicity, we will set Eo° = 1. Following the same prescription stated in 
in, we now introduce the following dehnition of the spatial ‘metric tensor’ 

hij = (4.2) 

The variation of can be calculated using fl3.15p and fl3.18p . 

5oA“fc =(e - Xt)dtA‘"k - (h* - + sx")diA°'k - A'^idkirf - tv’') - dkSx^A'^i + u'^cA^'k 

= - ed^A\ - AG4e' + sA\ + u\A% (4.3) 

Using the transformation relation of A“fc from fl4.3p . the variation of hij can easily be calculated. 

Sohij = -i^dkhij - hikdji'^ - hkjdii^ + 2shij (4.4) 

The transformation relation fl4.4p clearly demonstrates and conhrms that 04.21) is an appropriate 

dehnition for the rescaled metric of a non-relativistic, diffeomorphism invariant, 3-dimensional 
curved space and ‘A“j’ should be treated as inverse spatial vierbein. Corresponding to 04.21) the 
inverse metric can be dehned as, 

hki ^ (4.5) 

Its variation can be shown to satisfy 

(4.6) 


Following the dehnition 04.2p . it can be observed that the change in measure in the previous 
section can be written as A = \/h, where ‘h’ is the determinant of hij. Using this expression in 
03.24p . the action takes the following form 


S = dt d^xy/h 




2m 


Da<j>*Da(t 


(4.7) 


This can be further simplihed by using 03.131) . to give 


S = dt d^xVh 




2m 


(4.8) 


In the next section this action (14. 8 p will be represented in a fully covariant notation (in global 
coordinates). 04.8p can be interpreted as that of a massive Schrodinger complex scalar held with 
both the Galilean and scale symmetries, coupled to a non-relativistic curved background. In the 
relativistic context, scale invariant theories are massless in general. However it is evident from 
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Eq. fl4.8p that the scale invariant theories in non-relativistic case can contain mass as a passive 
parameter, which has no scaling dimension [H]. The equations for the variation of the spatial 
metric and its inverse, provided in fl4.4p and fl4.5p . contains an additional term that accounts 
for the Weyl rescaling of the metric, which is a manifestation of the scale transformation of the 
coordinates. The description of the curved background is as yet incomplete, in that the explicit 
form of the connection involved in the covariant derivatives has not yet been derived. The next 
subsection provides a specification, thereby completing the description of the Weyl-rescaled 
Newton Cartan geometry. 


5 Geometrical interpretation : Weyl-rescaled Newton- 
Cartan geometry 

One major application of the localization procedure in |T0] was the construction of Newton- 
Cartan geometry through a specihc identihcation of the fields, which was discussed in detail in 
|12] . A four dimensional manifold was defined with two coordinate systems, local and global, 
such that at every global coordinate point there is a local coordinate system. The previously 
introduced field, can be interpreted as the vierbein which maps the global and local frames. 
It was demonstrated in [12] that the 4-d manifold endowed with and its inverse had 
the features of the Newton-Cartan geometry. 

As we have seen, the additional inclusion of scale invariance has led to a different result 
following localization. First, the transformation properties of the additional fields that were 
introduced at the time of localization of the Galilean symmetry were modified. Second, the 
localization procedure brought in additional gauge fields that were required in order to render 
the action invariant. The gauge fields reduce to those found in the localization of Galilean 
symmetry when the scale parameters s, A ^ 0. We thus expect on account of the different 
fields introduced in the localization procedure, each with their own scaling dimension, to lead 
to a different geometry upon identifying the vierbeins of the manifold. However, this geo¬ 
metric structure should reduce to the Newton-Gartan geometry in the limit of vanishing scale 
parameters. 

Identifying as the vierbein helds, the inverse spatial metric can be dehned as, 

(5.1) 

the spatial component of which was already defined in previous section. The temporal 
one-form can also be dehned in terms of the inverse vierbein held . 

r^ = A^° (Afe° = 0,AoVO) (5.2) 

With these dehnitions, fl3.15113.17p and fl3.18p in addition leads to the following variations of 
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and Tfj_ 

Soh^^'' = + h^^Pdpi'' - 2shP’' 

^oTp = -Tpdo^^ - i^dfiTp + \Tp (5.3) 

To obtain a fnll geometric structnre the connection shonld be introdnced following the metric. 
Like any general gange theory, the connection can be incorporated by making use of the vierbein 
postulate, which will also help to explore the metricity condition for this geometry. The vierbein 
postulate for the vierbein A“ is given by 

- fe^Ap° + B\pK/ + 2hpK^ = 0 

V^A/ = - fe^A/ + B%0K/ + 6^A/ = 0 (5.4) 

For the temporal part we hnd, 

= -26„A„» (5.5) 

using the fact that B^^g vanishes for Galilean transformations. Thus, fl5.5p directly leads to 
the expression for the action of the covariant derivative on 

V pTu = -2hpTy (5.6) 

From the spatial part of fl5.4p the action of covariant derivative on the spatial inverse metric is 
found to be the following, 

VphP^ = dphP^ + = 2bphP^. (5.7) 

The explicit calculation leading to the derivation of 15.71 has been provided in Appendix R1 
Taking the limit 6^ —)■ 0 in fl5.6p and 05.71) . results in the following relations, 

VphP^ = 0 

VpT, = 0 (5.8) 

which are the well known metricity conditions for Newton-Cartan geometry. But for the scale 
extension of the Newton-Cartan geometry the metricity conditions does not hold which is 
evident from the equations 05.6115.7p . That non-metricity results from the localization of the 
Weyl symmetry, and is a general feature of Weyl gravity, is a well known result in relativistic 
theories. 

It will be instructive to note some other relations satisfied by making use of the dehnitions 
given in 05.ip and 05.2p . These are the respective inverses given by. 


Kp = A/Ap“ 

(5.9) 

rP = EoA 

(5.10) 
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In addition these definitions fl5.lL 15.2115.9115.10p satisfy the orthogonality relation between the 
spatial metrices and temporal metrices, since 


= 

= 0 


= 

= 0 


In a similar manner the following projection relations, 

h^^hx,, = - T^T^, = 1. 


(5.11) 


(5.12) 


can also be satisfied. Given these relations, it is clear that despite the Weyl rescaled Newton- 
Cartan geometry generating non-metricity, the familiar relations of Newton-Cartan geometry 
continue to hold. 

We can now use the definitions introduced in this section to rewrite Eq. fl4.8p in the following 
fully covariant notation. 


S = dt d^xVh 




(5.13) 


Note that for scalar field ‘V^’ can be identified with the covariant derivative defined in 
previous section [T2]. The curved background in action fl5.13p can now be interpreted as the 
Weyl-rescaled Newton-Cartan geometry. 

In the context of the covariant derivative, the explicit form of the connection can be deter¬ 
mined. This follows from the vierbein postulate by contracting fl5.4p with which gives the 
following general expression for the connection 

+ SVA/S/ + 25^A,°So" + 5;.A/S/ (5.14) 

In both Newton-Cartan and the Weyl rescaled geometry, considered here, we can allow for 
torsion. The expression for torsion will be provided after the derivation of the symmetric 
connection. 

Symmetric connection: Using fl5.14p . we find the following expression for the symmetric 
connection of the Weyl rescaled Newton-Cartan background 

+ hP^Kx(^Ty) (5.15) 

The detailed calculation leading to 15.151 is given in appendix El In 15.151 the two form K is 
defined in a similar way as the one given in [12] 

+ KxuT^] 

= ih"^[AA“S“o^r, -t- Ax^B^ouT,] (5.16) 
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Defining ‘K’ in this way makes the connection nniqne. Note that, 6^ = It is 

evident from flS.lSp that in the limit of vanishing ‘b’, the expression reduces to that of the 
Newton-Cartan connection. 


Connection with torsion : In general, the connection can also have antisymmetric part. Then 
from fl5.4p we can write, 

+ (,|„A„,‘i,“ = 0 (5.17) 

Multiplying with on both sides we will get, 

+ b[pTi,]T'" + b[p6'^^ = (5.18) 

where is known as the torsion tensor. 

Manipulating the terms in the parenthesis using the vielbein postulate one can get, 

rpp 

T^'dipT^] + 2bipT^]T‘^ = (5-19) 

We can infer two important facts from the relation fl5.19p . First, due to the presence of the scale 

term in fl5.15p one can have non-vanishing torsion even while is hypersurface orthogonal, i.e. 

satishes Frobenius’ theorem. This distinguishes this result from that in the Newton-Cartan 
literature where the requirement of = 0 is at odds with the torsion constraint. The 

second implication has been pointed out in the literature mi. namely that when the right hand 
side of Eq. (15.191) vanishes, it leads to a non-trivial condition 

d[pT^] = - 26 [^rj.] 


This specihcally restricts the spatial hypersurfaces of the Weyl rescaled Newton-Cartan back¬ 
ground. In presence of torsion the expression of the connection fl5.15|) will be modihed as, 

(dpKu + d^h^p - d^hpy'^ + {bpS^ + b^b^p - b^h^^^Kp) 

~\- K\(^pTi,^ -\- [~Tpi^a^ — T^pa + Tfj,^p\ (5.20) 

The expression in Eq. fl5.19p is just one part of the torsion tensor. The full expression can be 
obtained from fl5.19p using fl5.12p and fl5.18p . 

= r^d[pT,] + 2b[pr,]T^ + {d[pA,]^ + + hpK]'^) h'^^A/ + (5.21) 

Eq. fl5.2ip is the general expression of the torsion tensor, which includes a spatial contribution. 
This expression has not been considered in the literature thus far. The spatial contribution. 
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which is the everything other than the first two terms in the right hand side of Eq. fl5.2ip . could 
have interesting consequences. For instance, it is possible that 

which is a non-trivial constraint between the external forces and the scale gauge parameter 
bf^. This condition would relate the scale gauge held ‘6^’ with the U(l) gauge held of the 
Newton-Cartan background following Eq. (12.Sh . and would lead to a spatial contribution to the 
torsion tensor which can be ignored under standard arguments. 


Weyl tensor : Finally, just as in the case of Weyl invariant relativistic backgrounds, we 
can construct the Newton-Cartan analogue of the Weyl tensor in General Relativity. For the 
purposes of deriving a simple expression for the Weyl tensor, we will for the moment assume 
that the Riemann tensor of the Newton-Cartan background satishes the conditions in fl2.6p and 
fl2.7p . and that the connection is symmetric. The Weyl tensor can be constructed as the trace 
free part of the Riemann tensor. To this end we seek a tensor 


R\cfiiv T T T (5.22) 


where the above construction has been made for the Newton-Cartan Riemann tensor. Due to 
the hrst equality in Eq. fl2.6p .we have Rx^j^u = hxpR^^^^. The key property of Cx^j^i, is that, 
it vanishes when any pair of indices is contracted with either or r^r^. But the Riemann 
tensor provides a non-vanishiM result when contracted with both and depending on 

the indices being contracted q Therefore both and appear in fl5.22p . By requiring 
that Cxa-pu be trace free, the following expression for S^a- can be derived. 


Rau 

n — 2 2(n — 2){n — 1) 


(5.23) 


The tensor has a form which is similar to that of the Schouten tensor in General Relativity. 

We now turn our attention to the Weyl rescaled Newton-Cartan Riemann tensor. To relate 
it with the Newton-Cartan Riemann tensor Eq. fl5.15l) can be written in the following way 


K, = K, + M + (5.24) 

where T^^ represents the usual Newton-Cartan connection. 

The Riemann tensor for the connection in Eq. fl5.24p is defined in the usual way 

= ( 8 . 25 ) 

Upon expansion, we hnd the following result 

R^afiu — R^atiu + 2V[^(6j,](5^ -|- — hy]fjbsh^^) + 26 ^^{by]b^ — hyjf^bpbah^^^) 

+ 2bphPHiphy^^ - 2bpT>'T[phy]^b^h'^^ (5.26) 

^In Appendix|Bl these non-vanishing contractions of the Riemann tensor, and the derivation of the expression 
of Sya are discussed. 
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While satisfies the properties given in Eq. fl2.6p and \2J\ . in general does not. 

These differences have important conseqnences in the way the Riemann tensor in Eq. fl5.26p is 
contracted. Reqniring that = Rau implies that one can lower with the combination 

h^u + and raise with the combination . In other words, we are using the identity 

to infer how to lower and raise indices. This contraction also agrees with the fact that the fields 
bfj^ have both spatial and temporal components. 

In the case of the Newton-Cartan background, txR^^^^, = 0 led to Rxafiu = hxpR^„^y But 
for the Weyl rescaled Newton-Cartan background, we have 

(h-Ae T TX"^e)R(j^[y Reapv Reapu T ‘^{hea T “1“ p,]ba') 

2V[^(h[/](j^e) T 2 t TgV-I- 2 Ti=T[^6^]6o- 

^bi^^^hi/jo-hP^^b^bp ^.T^T^phjyjQ-hP^^b^bp ‘Zb^b^phjy^cr ^hpT^T^b^phiX^^j 

- 2hpT^TlpK]„b^ 2T"'TPb.ybpT^T[pK]a (5.28) 

By contracting 15.281 with we get R^u- The result is, 

R^y = Ray + 2V[aby] - Vpikyab^R^) (u - 2)[byba - Vyba - hyah"<%bp] 

- TaVyir^bp) + 2bpTpT(^aby) - {bpTP){b.yT"'){TyTa) (5.29) 

This is of course the same result one would get from Eq. 05.261) by setting A = p. To get the 

Ricci scalar from Eq. 05.291) we again contract with h‘^‘' + . The result of this contraction 

is 


R = R- h^’^77M‘^n - 3) - {r^VpibpT^) - T'^T%bp){n - 1) 

+ {n- 2)baTPVpT^ -{n- 2fh^Pb.ybp (5.30) 

As we have seen, certain symmetries of the Newton-Cartan Riemann tensor are not satisfied 
by the Weyl rescaled counterpart. For instance, Eq. 05.29P reveals that the Ricci tensor is not 
symmetric. At this stage we could require the symmetries R[ay] = 0 = R^xpu f^r the 

Riemann tensor of the Weyl rescaled Newton-Cartan background. This in turn determines 
conditions on the ‘b’ fields through which these symmetries are satisfied. Proceeding in this 
way will lead to the Newton-Cartan Weyl tensor defined in Eq. fl5.22p being invariant under 
non-relativistic scale transformations. That is 

C\py = CV (5-31) 

In General Relativity this simply leads to the condition that b^ = daOi, for some scalar field 

a. Here, apart from this constraint, the additional requirement of b^pTy^ = 0 needs to be 

satisfied. This constraint will be satisfied whenever the spatial hypersurfaces satisfy Frobenius’ 
theorem [ni- However, it may be useful to consider the symmetries of the Weyl rescaled 
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Riemann tensor, without imposing additional conditions. For instance, this is useful in the 
treatment of conformal fluids on curved backgrounds [32], whose non-relativistic construction 
will be provided in the next section. In following this course of action, no terms are dropped 
in the expressions of the Riemann and Ricci tensors given in Eqs. fl5.26p . fl5.29p and fl5.30p . and 
the Weyl rescaled Newton-Cartan Riemann tensor can be used to dehne the general Newton- 
Cartan Weyl tensor, which is of a considerably more complicated form than the one provided 
here. In other words, the general Weyl tensor will still have the form given in Eq. fl5.22p . but 
the Schouten tensor is not as simple as the form given in Eq. fl5.23p . and contains additional 
terms. 

The equations provided in this section completes the description of the Weyl-rescaled 
Newton-Cartan geometry. It can be seen that this resultant geometry does not spoil the basic 
premise of non-relativistic curved backgrounds; that they are comprised of a degenerate spatial 
and temporal metric. Rather, the scale symmetry now manifests itself in the (anisotropic) 
Weyl rescaling of the two metrics separately, altering the description of both the symmetric 
connection as well as the torsion. Additionally, as we have just seen, we can construct a Weyl 
tensor which is invariant under anisotropic scale transformations. 


6 Construction of non-relativistic conformal fluid dy¬ 
namics 

The aim of this section is to elaborate on an important application of the construction thus far, 
namely, in the description of non-relativistic conformal fluids. We will hrst develop a Weyl- 
covariant formalism which simplihes the study of conformal non-relativistic hydrodynamics 
analogous to the relativistic case. This leads to a proposal for the entropy current of an non- 
relativistic conformal fluid coupled to a curved background. 

A preliminary study of non-relativistic fluids on the usual Newton-Cartan background was 
performed in [13]. We will base our subsequent calculations on this work and extend them to 
the conformal case. 

6.1 Fluid dynamics on the Newton-Cartan background 

In this section we review the properties of ideal non-relativistic fluids on the Newton-Cartan 
background following [TS] [30l |3T] . The constitutive relations for the non-relativistic ideal fluid 
are. 


dt 


dtp + di{pv") 
dt(pv^) + 

(e + + dif 


0 (Continuity equation) 

0 (Momentum conservation equation) 

0 (Energy conservation equation) 


( 6 . 1 ) 
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where p,v\T^^,e and f are density, velocity vector, stress-energy tensor, energy density and 
matter cnrrent of flnid respectively. 

The description of non-relativistic flnids reqnires a choice of flnid velocity. For this pnrpose, 
let ns consider the flnid velocity snch that 

= 1 “'"V = 0 (6.2) 

The relations satished by this velocity vector follow from some basic considerations of the 
Newton-Cartan backgronnd, as hrst discnssed in [Hj, which we will now review. Before delving 
into these relations, let ns briefly recall that the Newton-Cartan covariant derivative actnally 
decomposes into two parts, that corresponding to the inertial piece, and another corresponding 
to an external force. Thns, the action of the Newton-Cartan covariant derivative acting on a 


vector held is given by 

(6.3) 

where is the inertial piece of the connection given by 

r'4 = (6.4) 

A sensible reqnirement is that the hnid has no acceleration and is irrotational when considered 
with respect to this inertial frame, i.e. 

a'^^ = uPV'pU^^ = 0, u'P'^ = = 0 (6.5) 

The hnid velocity also satishes, 

WX = Vy - - h^^KpxrX = + h''^KxipT^)uP (6.6) 

Using fl2.3p . fl6.5p and fl6.6p one can obtain, 

Kxp = 2hy[x'^ , 6Kxp = -2V[xhp]Ju'' (6.7) 


From fl6.5p and fl6.6p . it then follows that the hnid variables for the expansion, acceleration, 
shear and vorticity for a general Newton-Cartan frame are given by 

e = VpUp = V^uP = 9' 

= uPVpu'' = h'^^KxpuP 

- = [h^^PVxu'''^] - 

n — 1 n — 1 

^ = 0 ( 6 . 8 ) 

^There exist many choices for fluid velocity one could adopt, but for simplicity in the remainder of this paper 
we will assume that the fluid is co-moving i.e u°‘ is in the direction of r“. 
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Thus apart from the acceleration, all other basic variables used to describe the fluid are invariant 
in going from an inertial to a non-inertial Newton-Cartan frame. In addition to these basic 
fluid variables, the description of a fluid requires a definition of stress energy tensor and other 
matter currents of the theory. Since the Newton-Cartan background contains two degenerate 
metrics and additional gauge fields , A^), these definitions should follow from 

a careful variation of the action. The most general variation of the action, which leaves the 
connection invariant, is given by 

0 = SS= j Vhd^x[~P^Jh^'' + (6.9) 


where P^u, and at this stage are merely coefficients to the quantities being varied. 

Two of these variations correspond to non-gauge variables, i.e. and which are the 

variations of the given inverse spatial metric and temporal 1-form. Setting these variations to 
vanish provides the contributions from the pure gauge variables A^ and u^. fl6.9p then reduces 


to. 




Vhd^x[J^6Af^ + 


( 6 . 10 ) 


We can simplify fl6.10p further by using the properties of Kx^- Following fl2.8p and fl6.7p we get. 


5Af, = -h^p5uP dpX 


( 6 . 11 ) 


where d^x is a constant. Using the expression of 5Ap from fl6.1ip the action fl6.10p simplihes 
to, 

5S= ! ^^hd^x[{-J^hpp + Rp)6uP - (VpJOx] (6.12) 


For arbitary y, = 0 gives, 

VpJP = 0 (6.13) 

This is the equation for the conserved (matter) current in the theory. For arbitrary Suf’ and 
y = 0 we have from 16.121 

= J^hpp (6.14) 

Considering the variation of the action under diffeomorphisms one can get. 


0 = 5S = j Vhd^x[--Pp,£^h^^^ + Q^£^Tp + r£^Ap + Rp£^u^] (6.15) 

where is the Lie derivative (of the object) along the field After a bit more calculation 
(I6.15P gives. 


0 = SS 


Vhd^x r[V^(-T^) + 2J^Vi,Ap] + RpV.u^] 


(6.16) 


where 


= P.ph^^P + - R,u^^ 


(6.17) 
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and 


v,.(r'V) = 2J'‘V[„A„| + + R„y,u“ 


(6.18) 


Using the expression of and fld.lSp take the following form, 

V = pK^o? (6.19) 

This relation differs from the usnal relation in relativistic flnid systems. The Newton-Cartan 
backgronnd acconnts for additional external forces, a"' has been dehned previonsly, and was 
shown to be the only basic flnid variable which differs in going from inertial to general frames. 

The expression for in general, is given by Eq. fl6.17p . By setting Fj,p = —Ph^p and 
= 2eu^^ Eq. fl6.17p simplihes to, 

= (P + 2e)n'^r, - P5^ (6.20) 

Eqnation fl6.2Up is the constitntive relation which expresses the stress tensor in terms of the 
energy density e, pressnre P and velocity and is the closest analogne which one has in the 
Newton-Cartan backgronnd of the usnal expression of the relativistic stress energy tensor of an 
ideal fluid. The factor of 2 in the dehnition of is required in order to make the trace free 
condition match the well known non-relativistic condition. By setting = 0 in Eq. fl6.20l we 
hnd the condition 

2e=(n-l)P (6.21) 

as required. In addition, while there is no formal way to define from the action, it is natural 
to interpret it as some mass flow, which is proportional to the fluid velocity. We can thus write 

Jt = PiU^ (6.22) 

where pi represents the conserved charge density. This follows the zeroth order result of deriva¬ 
tive expansion. 

For an ideal fluid, another conservation equation holds for the local entropy current. It 
follows from the second law of thermodynamics as a derived notion. The requirement that en¬ 
tropy should be non-decreasing during hydrodynamic evolution can be expressed in a covariant 
way in terms of an entropy current whose divergence is non-negative. 

> 0 (6.23) 

In fl6.23p the equality holds for ideal fluids. The entropy current can be expressed as, 

= su^ (6.24) 


where ‘s’ is the entropy density of the fluid. 
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6.2 Fluid dynamics on Weyl-extended Newton-Cartan background 

In this subsection, we first introduce a manifestly Weyl-covariant formalism suited to the study 
of non-relativistic conformal incompressible fluids. An important feature of incompressible 
fluids is that the Euler equations are invariant under the scale transformation but not under 
the special conformal transformation [27] . Thus conformal incompressible fluids are only scale 
invariant. 

The various conformal observables like expansion, acceleration and shear related to non- 
relativistic conformal fluids will be, 

0 = = e + {n + l)u^^h^ 

a’" = = a!^ + 2u^b^u'^ 

+ uPhph^'^ + 

= hphP^^uP^ (6.25) 

where 

+ {hp5t + - b^h^^Kp)V’^ (6.26) 

Now we require a conformally invariant derivative ‘T>’, such that if a tensor Q^'" obeys Q^'" = 
the derivative will act on it as, 

(6-27) 

Following this the corresponding covariant derivative can be dehned as, 

'Dt, = Vp + wbp (6.28) 

where ‘n;’ is the conformal weight of the quantity. 

Note that the above covariant derivative is metric compatible. 

= Q,VpTp = Q (6.29) 

For relativistic conformal fluid dynamics, additionally, the conformal acceleration (m^P^w") and 
expansion {T>pUp) are assumed to vanish, which leads to a condition on bp. We will first treat 
the action of the conformally invariant derivative ‘P’ on the rescaled tensors as they are before 
imposing any conditions. Given that the fluid velocity satisfies Eq. fl6.2p . we find the following 
expression for the conformal acceleration on the Weyl-rescaled Newton-Cartan background 

u^Vpu’' = uPVpU'' = (6.30) 

which follows from the fact that the scaling dimension of is 2. We thus see that uP'D^u’^ = 0 
when there is no acceleration. Further, the requirement of 'DpU^ = 0 directly leads to the 
following condition 

bpuP = -(6.31) 

n — 1 
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As can be seen from 16.301 and 16.311 the conformally invariant derivative is nsefnl in casting 
the variables and eqnations of non-relativistic incompressible flnid mechanics in a manifestly 
conformal langnage. These derivatives also define a cnrvatnre tensor throngh their commntator, 

V,]V^ = (6.32) 

where = V— V and is as given in fl5.26p . Note that shonld the nsnal symmetries 
of the Riemann tensor be assnmed in Eq. fl5.26p which was discnssed in detail following this 
eqnation in section [5], the held strength for the scale gange held b^ wonld necessarily vanish. 
This wonld in tnrn ahect the derivative expansion and the dissipative terms that wonld resnlt 

m- 

Let ns now nse these concepts to describe the conservation eqnations of the hnid on the 
Weyl rescaled Newton-Cartan backgronnd. The gniding principle will be that the action of the 
conformally invariant derivative on the rescaled cnrrents of the theory is that same as that of 
the Newton-Cartan covariant derivative on these cnrrents, whose conservation eqnations are 
known. The action of the covariant derivative on the stress tensor dehned in Eq. fl6.20p is given 
by 

+ r%T; - ry.r; (6.33) 

This explicitly leads to the resnlt that, 

V^T!: = (6.34) 

provided has weight ‘n’ and is traceless, i.e. = 0. It thns follows from fl6.20l) that the 
conformal weights of ‘P’ and ‘e’ are both ‘n’. These are the same conditions as applicable to 
the relativistic case. 

Likewise, the covariant derivative acting on gives, 

M + bj^^ - b^h^^K^)r = (n + l)b^J^ (6.35) 

If the conformal weight of all conserved cnrrents of the theory are (n + 1), we then have 

= 0 (6.36) 

This resnlt differs from the relativistic case where the weight is always reqnired to be eqnal to 
the dimension of the spacetime, i.e. ‘n’. It however does imply that the weight of the density 
Pi be {n — 1) jnst as in the relativistic case, following 06.221) and that the weight of is 2. 
For arbitrary anisotropic scaling ‘z’, Eq. 06.361) will be satisfied if the conformal weight of the 
cnrrent is {nF z — 1). 

Apart from the conventional mass flow, we will now consider the conformal incompressible 
flnid as a thermodynamic system and assnme that in strict analogy to the mass cnrrent, there 
exists a local ‘entropy cnrrent’ of the flnid which also has a conformal weight eqnal to the 
(n -I- 1). In addition to these eqnations, we can dehne an ineqnality for the entropy cnrrent 

> 0 (6.37) 
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which follows from the second law of thermodynamics. 

Similarly, the hrst law of thermodynamics for this system can be written in terms of the 
conformally invariant derivative, 

Tu^Vxs = (6.38) 

Requiring the conformal weights on both sides of this equation to be equal leads to the result 

that the weights of temperature ‘T’ and chemical potential ‘/x*’ be 1. This general expression 

simplihes in the case of an ideal fluid. It follows from 16.221 and 16.361 that p^u^'Dxpi = 0. 
Likewise, Eq. fl6.19p shows that u'^'D^Tj^ = 0 which establishes that u^'DxP = 0 on substituting 
Eq. fl6.20p . Thus, the entropy density for an ideal fluid on the Weyl- rescaled Newton-Cartan 
background satishes the following relation 

Tu^V^s = 0 (6.39) 

In considering the case of the conformal incompressible fluid on the Weyl rescaled Newton- 
Cartan background, we have thus found that the conformal weights of the energy, pressure, 
matter and entropy densities, as well as the temperature, are the same as in the relativistic 
case. The difference in the conformal weight of the matter and entropy currents from that of 
the relativistic case were identihed in this section to be due to the anisotropic scaling. It will 
be interesting to study how these results differ in the case of more general fluid and velocity 
choices. 

We would like to emphasize the relevance of the construction given in this subsection. In 
particular, the construction of the conformal covariant derivative in Eq. fl6.28p . the general 
Riemann tensor (which need not possess the usual symmetries) in Eq. fl5.26l - I5.30p , and the 
field strength of the conformal covariant derivatives in Eq. fl6.32p . are all necessary in order 
to further determine contributions from dissipative terms through a derivative expansion. In 
this regard, the determination of the relation of the gauge field for scale transformations and 
fluid variables in Eq. fl6.3ip is also an essential relation to derive. None of the above derived 
results have been considered in the Newton-Cartan literature prior to the present work. As 
indicated in this subsection, the treatment of non-relativistic fluid dynamics differs in many 
ways from the relativistic treatment, in large part due to the relations of the degenerate metrics 
for this background, and the spatial and temporal dependence of the gauge held for scale 
transformations. The detailed investigation of viscosity and dissipation, and the derivative 
expansion in general, promises to be considerably more interesting. 


7 Contributions of scale symmetry to the Quantum Hall 
Effect 

In this section, we will be interested in the consequences of non-relativistic anisotropic scale 
symmetry in describing quantum Hall huids. The Hall viscosity results from the Berry phase 
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term in the effective action [3S]. More specifically, it is the response to spatial stress in the 
corresponding term in stress energy tensor. The effective held theory consists of the Schrodinger 
held minimally coupled to a background electromagnetic held and a “dynamical” statistical 
held The inclusion of the Chern Simons term involving the held follows from the need to 
study perturbations about a mean held of a strongly coupled, anyonic system. The statistical 
held term in ehect hxes the statistics of the system to be either bosonic or fermionic, and enables 
the study of responses to the system. After the perturbation has been taken into account, one 
can then integrate out this held to have the ehective held theory description of Quantum Hall 
Ehect. In this context, the held represents either a composite boson or a composite fermion, 
and since we are interested in the consequences of curved backgrounds on the system, we will 
investigate the former. We can use the result of Eq. (15.13p to express the Chern Simons Landau 
Ginzburg (CSLG) ehective action of the Quantum Hall ehect [2H] in the following way 




2m 


+ 


Stts 




( 7 . 1 ) 


where is the Levi Givita tensor, and the covariant derivative on the curved background 
'Dy is, 

dfi T T %sB^ T %s C^ 

T T , (T.2) 


In (17.2p ‘A^’ is the external electromagnetic held, ‘a^’ is the statistical gauge held, 'By was 
introduced at the time of localization of the Galilean symmetry and similarly 'Cy for the scale 
transformation in (13.1111 . Since we will integrate out the statistical held before our hnal 
result, we have written the covariant derivative as in the second equality in Eq. (I7.2p . The 
hydrodynamic version of (17.111 is derived by expressing the complex held $ in polar variables 

[SSI 1121113], 

$ = (7.3) 


where p is the matter density, p = The transformation (17.3p leads to the following 

action. 


S = j dtcPxVhlpr'" {d^9 + + ay - + «/. + ay {d„6 + + ay 


1 




-h^^'^d^pdyp + -— ay^yttx] 
8mp Stts 


(7.4) 


The response of the FQH state to probe helds can be considered through the following 
variations of the helds 


p ^ p + 6p 

A^ —>■ An + SAfj, 

—>■ + da^j, (7-5) 
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where the barred values represent the mean held values, and the variations correspond to probe 
helds. The FQH state of the electrom corresponds to the superhuid state of the boson $, where 
is completely cancelled by a^. Further, the average density, p, is related to the helds 
through the quantum Hall ehect. 


P = 


47rs 


-Oij 


ViA. = 


47rs 


-Oij 


^7 




( 7 . 6 ) 


where the hlling fraction in Eq. (17.bh is written in terms of the intrinsic orbital spin ‘s’ through 
the relation = ^- With these considerations at hand, we can study the response in the ehec- 
tive action, where we will retain terms that are at most quadratic in variations and derivatives. 


C = Vh 


T>"{d^9 + Sa^)p + T^{df,9 + Sa^ + 




„ {dn9 + 5(Xa + 6an)(^dy9 + + 6aA + —— 6auS y5a\ 

2m r- ^ 


(7.7) 


We can now introduce a held through a Hubbard-Stratonovich transformation on the kinetic 
term of the action in Eq. (17.7p . to rewrite the action as. 


C =Vh 


m 


T^{df,9 + 5a^)p + T^{d^9 + - {d^9 + 5a^ + ju + 

Zp 




+ Vh- — 5anWy5ax, 


Stts 


(7.8) 


In the absence of the vortex excitation, we can integrate out the phase variable 9 in Eq. fl7.8p 
to hnd the following conservation equation. 


= VhV^J^ = 0 


(7.9) 


where we have dehned Given Eq. fl7.9l) holds, we can further express it as, 

= (7.10) 

ZTT 

where fx are the new hydrodynamic gauge variables. Clearly, remains invariant under 17(1) 
transformations of the held fx- By substituting this expression for back in Eq. fl7.8p . we 
hnd. 


C =Vh 


1 
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+ 6a,) + 


-/ih'A 


6aS/v6ax 


(7.11) 


We can now integrate out 6a, and obtain the ehective action for the FQH state on the Weyl 
rescaled Newton-Cartan background. 


C =Vh 


pT^6a ,+ 


1 S TTl 


( 7 . 12 ) 























Expanding this effective theory to the leading order in gauge helds, we hnd, 


C =Vh \eT^5A^-p + st^^B^p - 

L ZTT ZTT ZTT 

+s'T^C,p+^e^''^C^dJx + --- 

ZTl 


(7.13) 


The first line of Eq. (17.131) represents the low energy effective Lagrangian of the FQHE in 
the Newton-Cartan background, while the second line completes the contribution due to the 
Weyl rescaled Newton-Cartan background. In particular for the first line of Eq. fl7.13p .we draw 
attention to the second term , which is the Berry phase term, and the last term, which is 
one of the Wen Zee terms. These terms provide a contribution to the Hall viscosity through 
the stress tensor upon considering variations in the metric about flat space. In what follows, 
we will be concerned with comparing the second term of the first line of Eq. fl7.13p with the 
first term in the second line, insofar as their contribution to the stress tensor is concerned. 
The vierbein postulate for the Weyl rescaled Newton-Cartan background, Eq. fl5.4|) . leads the 
following relations. 


(7.14) 

where the covariant derivatives in Eq. fl7.14|) act only on global indices. In considering 
variations about flat space we have. 


A“ = (1“ + 

K = + (7.15) 

Considering the time dependent variations of the spatial metric and its inverse, which we 
will label as h^^(t) and respectively, we find from Eqs. fl5.9l) and fl5.ip that 

O 

h’'\t)Kx{t) (7.16) 

where the overdot indicates the time derivative. In Eq. (17.161) we made use of the fact that = 

6q in flat space. However, its variations need not vanish. In order to retain a Newton-Cartan 
structure following spatial variations, it in fact is necessary to have temporal variations as 
well. This follows from the projection operator and the orthogonality relations Eq. fl5.lip . This 
however will not affect the calculation of the Hall viscosity, which requires expanding the 
Lagrangian to quadratic order in variations of the spatial metric. 

With this subtle point behind us, we can now proceed to derive the contribution to the 
stress tensor due to the terms in Eq. fl7.13p . Following the discussion in section 16.11 only now 
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for the case where the Lagrangian depends on and 
is given by, 


= 2 h - 2 
" dhf^p dh-p 


We can now use this for the following Lagrangian, 


we hnd that the relevant form of 

( 7 . 17 ) 




( 7 . 18 ) 


This Lagrangian is the the second term of the first line, and the hrst term of the second line 
of Eq. (I7.13P , expanded to second order in variations of the spatial metrics under the presence 
of a constant magnetic field (p = const.). We will simply concern ourselves with these two 
terms to illustrate the form of the Hall viscosity in the Newton-Cartan background, and the 
relevance of the scale term which has entered in due to the Weyl rescaling of the background. 
Using Eq. fl7.17p with the Lagrangian in Eq. fl7.18p . we find, 

Ti: = (^) (7.19) 

In deriving Eq. (I7.19P we made use of the fact that eob = 0. The first two terms, in the 
parenthesis, are contributions from the first term of Eq. (I7.18p . and gives the Hall viscosity for 
this background. The third term is the contribution due to scale transformations. These may 
be cast in a more familiar form by contracting Eq. fl7.19l) with This leads to, 

Tpy = ^ {^prjhxi, + e^y^hxp) + —TyT^hpp + ■ ■ ■ (7.20) 

The first two terms is Eq. (I7.2np are now easily recognizable as the usual Hall viscosity term, 
where we have defined y = in the usual way. The third term in Eq. (I7.2np is a non-trivial 
contribution due to scale transformations. In particular, this term does not vanish insofar as a 
shift r* exists, where the in this equation are the corresponding variations in the temporal 
metric resulting from the variations of the spatial metric, about flat space. Its form is not 
that of a viscosity, but of an expansion in time. The hall viscosisty and scale contribution 
in Eq. (I7.20p having vanishing trace, and require the consideration of the Wen-Zee term to 
determine the corrections to each which arise out of coupling with the curved background. 

There are many other interesting aspects which would result due to the Weyl rescaled 
Newton-Cartan background, which we will not be able to consider in greater detail within this 
subsection, but which should be mentioned. Chief among these are the consideration of Galilean 
boosts in the context of response functions, and the role of torsion in the calculation of the 
torsional Hall viscosity. In addition, a detailed study of variations in the temporal 1-form and 
its inverse is needed. As indicated above, the consideration of purely spatial metric variations 
would not result in a background with the properties of a Newton-Cartan spacetime. The 
necessary inclusion of variations in and has led to a contribution to scale transformations 
as indicated in Eq. fl7.20p . A detailed investigation of these topics in the phenomenology of 
the Quantum Hall effect lies beyond the scope of the present paper, and we look forward to 
addressing these in future work. 
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8 Conclusion 


In this paper, the scale transformation was successfully included in the localization scheme for a 
non-relativistic field theoretic model. As a consequence, we can now consistently couple massive 
Galilean plus dilatation invariant helds to the Weyl rescaled Newton-Cartan background, which 
was derived as the general curved non-relativistic background possessing these symmetries. 
The connection on this background differs from that of the Newton-Cartan one by terms which 
involve both the spatial metric and temporal vierbein. This results due to the anisotropic scaling 
of the held theory which was considered. We also demonstrated that while the Riemann and 
Ricci tensors scale quite differently than their relativistic counterparts, the dehnitions of the 
Weyl and Schouten tensors are of the same form as in the relativistic case. 

As an application, we provided the description of a conformal incompressible ideal huid 
in its rest frame on this background, and derived the entropy current. The weights of the 
energy, entropy and matter current densities were derived, through which we were further able 
to demonstrate the hrst law of thermodynamics. An interesting feature of describing huids 
on this background is the inclusion of external forces in a geometric framework, by changing 
the form of the field A^. While we have considered the case of an ideal fluid, it is clear 
that understanding conformal fluids on this background requires further study of viscous and 
dissipative fluids as well. The entropy current in these cases is non-trivial, and a second order 
derivative expansion must be carried out. Further, it may be that the scaling properties we 
determined in the previous section gets altered with more general choices of velocity. The 
investigation of these topics requires the relations and derivatives we introduced in section 16.21 
and the expressions of the Riemann tensor provided in Eqs. fl5.26115.3l?]l . We look forward to 
investigating these topics in future work. 

As an additional application, we considered the consequences of scale invariance in the 
effective held theory of the Quantum Hall Effect. The inclusion of the gauge held for scale 
transformations led to a modihed low energy hydrodynamic ehective held theory. By looking 
into the response function to metric perturbations, we determined that the additional terms 
contribute in the form of an expansion. In addition, we discussed that in considering the 
Weyl rescaled Newton-Cartan background, it is inconsistent to merely introduce spatial metric 
variations without the considerations of corresponding variations in the temporal metric, so 
as to preserve the orthogonality relations between the two. This property is what enables the 
scale corrections to the ehective action to contribute through metric perturbations. Additional 
aspects of the Weyl rescaled Newton-Cartan background, particularly the form of the Torsion 
tensor and its dependence on the temporal metric and scale gauge held, promise additional 
geometric terms which could be introduced in the low energy ehective action. A detailed 
investigation of these terms and their phenomelogical consequences lies beyond the scope of the 
present work. 

Scale invariance in condensed matter systems, emphasized in the introduction, can be broken 
at the quantum level. One of the most striking examples of this is the presence of anomalies. 
The curved background which we have derived allows for the study of these anomalies. Scale 
anomalies most prominently studied in the context of second quantized held theories are those 
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related to the introduction of the quartic self interaction (and other interaction) terms to the 
Schrodinger held theory. The free quantum theory is normally taken to be scale invariant. 
In considering the Weyl-rescaled Newton-Cartan background, this aspect need not be so. We 
intend on using this background to address some of these topics in future work. 

As an additional application, it should be noted that the Weyl rescaled Newton-Cartan 
background can be considered as a non-relativistic limit of the Weyl-Cartan theory, obtained 
through the localization of the Poincare and Weyl symmetries in relativistic systems. In the 
relativistic case, the held introduced at the time of localization of the scale symmetry has 
received some consideration as a probable dark matter constituent |13] . For the non-relativistic 
case, the introduced gauge held (6^) could likely provide additional insight into this topic, owing 
to the presently understood non-relativistic nature of dark matter. 
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A Miscellaneous calculations 


I) Derivation of Eq. (15.711 

From (13.1811 and (15.411 it can be shown that. 

Multiplying (lATll by leads to 




Considering the interchange of the indices p and a, (IA.2j) gives 


E/a^E/ - R/aEa"Eb" - E,"6^E/ = -F^^E/E 


Addition of (IA.2P and (IA.3P produces. 


+ FC>"" + = 26 „h^A 


where we have used the antisymmetric property of B^ 


ab 


II) Derivation of Eq. (I5.15|l 


(A.l) 


(A.2) 


(A.3) 


(A.4) 
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Now we will derive the expression of the symmetric Weyl-rescaled Newton-Cartan connec¬ 
tion. Making use of 05.141) . the symmetric part of connection can be written as, 


+ S^oA/S/) + + S%,A/S/) + (6^A/E/ + 6.A/E/) 

+ 2(6^A,°So" + fe.A/SoO] 


(A.5) 


Using TjJ’ = h^°'Ao-“ (which follows from 05.11) ). 05.2p and 05.101) . the above expression will take 
the following form, 

- A/a^A^“] + - A/a,A/] 

+ + S%,A/S/ + 5%6A,'S/ + 5%bA/S/) + 1(6^5^ + 

(f)^A,°So" + f>,A/So") (A.6) 

To get the desired expression of the connection, further manipulation of the terms in OA.OP are 
needed. By exploiting the symmetricity of we have 

[-A/a^A/ - A/a,A/] 

= (-5. V - + (6^A/A/ + 6,A/A/ - 26<,A/A/) (A.7) 

Using (15.9p . the last parenthesis in the above expression takes the following form, 

~t“ h 

due to which the symmetric connection of the Weyl rescaled Newton-Cartan geometry can be 
written as 

{d^Ky + + {b^6P + bj^^ - 

+ (A.8) 


B Schouten tensor of the Newton-Cartan background 

We begin by considering Eq. fl5.22p . which we reproduce here for convenience 

Cxafiu Rxcr/iu T 2(/l^[^Ay](j -|- -|- (B.l) 

We require Cxa^iv to vanish when contracting any two of its indices with either h^'' or . It 
follows from Eq. fl2.6p that 

Rxafiu = hxeR^crij^i, (B.2) 
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It further follows from the symmetries that 


(B.3) 

(B.4) 

(B.5) 


h R\<71iu ^(7U P^cr^u 

T^T^^Rxa,,u = 0 
Rxaiiu = 0 


These relations are the covariant description of the familiar result that the only non-vanishing 
contribution from the Newton-Cartan Riemann tensor is the -R*ojo [IS]. We can now use these 
relations to determine S^a- in Eq- IB. II Contracting Eq. flB.ip and using Eq. IB. 31 we have 

0 = R^i, (n — Sxfi{hfjy -\- T^Ty) (B.6) 

Contracting Eq. fIB.lD with we likewise have 


0 = 0 - T^S^aTu - r^Sy^Ta + r^T^Sx^,{Ku + T^Ty 

Eqs. fIB.hp and flB.7l) imply 

Rau = {n- 2)Sy^ + + T^T^)Sx^{Ky + T^Ty) 

Contracting Eq. fIB.SD with and we hnd 

— —S ~ 

' ' ^ua — / -, \ 

(n- 1) 

R = {n- + Sy^h^^ 


respectively. Eqs. flB.9p and flB.lOp lead to the following result 

=- 

2{n - 2) 


Likewise we can substitute r’^r'^Sy^ from Eq. flB.9p in Eq. fIB.Sp to hnd 


Rau = (n- 2)Sya - ^ — ‘^Sf.xh^^ihay + r^Ty) 
(n- 1) 


Finally, substituting Eq. fIB.lip in Eq. (IB.12P gives the result we seek 




^ua — ^ \ 

n — 2 




2(n- 1) 




(B7) 

(B.8) 

(B.9) 

(B.IO) 

(B.ll) 

(B.12) 

(B.13) 
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